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On absolute convergence of Jacobl series

ntroduction

report answers a question concerning the expansion of functions

n absolutely convergent series of Jacobi polynomials. The Jacobi
(a,B)(
n

nomials P x) are the polynomials which are orthogonal on the

rval [}1,!] with respect to the weight function

(1-x)% (14+x)P , (0 > =1, B > =1),

satisfy the relation

n
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Szegd [5], section 4.3), usually called Rodrigues' formula. The
>gonality property is given by
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) n (a.8) = 2T r(ntat1) T(n+p+1)
n ? (2n+o+B+1)n! T'(n+a+B+1)
=0 1f m# n and & =1 if m = n.

m,n
a function f(x) we can associate a series

) £(x) ~ Z a P(

B

e = (n (0,8)] J 2(x) 208 () (1) (140)® ax

k
=1
.ded that the integral in (1.5) exists for all k.
roefficients a, are then called the Fourier coefficients associated
f(x),

ww define the class of functions A(a,B).




tion

tion f(x) is said to be in the class A(a,B) if £(x) =) akPiu’B)(x)
k=0

s Fourier coefficients a_, defined by (1.5), have the property

a,B)

. (
‘he series z |a. ] |P
k=0 k k

(x)| converges uniformly on the interval

<1
a well-known fact, (see Szegd Ei|, section 7.32), that the Jacobi
mials reach their maximum in absolute value on the interval [f1,{]
: 1, provided that o > B and o > - % . Since we have
(a,B) _ I(k+at+1) _ o
k (1) = T(a+1) (k™)
lows that a necessary and sufficient condition for f(x)&€A(a,B)
1y .
3, a4 > = E) is

Y ola | k% < .
k=0 ©

lestion studied here is the following: for which values of y and

s the relation

L) f(x)eA(a,B) implies f(x)e A(y,$)
.fao>Band a > = 1-.
= -2
:» following it will always be assumed that o > max (B, - %), B > =1,

:orems

(a,B)

is a unique way of expressing the polynomials P (x) in terms

(v,6) . k
> polynomials Pj T %)y J = 1,2,00.,k,
k
(OC,B) _ . (Y’G)
P (x) = jZo cjk(a,e,y,S) Pj (x).

>efficients c.k(a,Sgy,é) are defined to be 0 if jJ > k. Rivlin and

1 Dﬂ have proved the following theorem.
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zorem 1. If vy > § and vy > - % and the expression (2.1) is such tha

i(a,B;y,G) > 0 for all j and k, then relation (A) holds.

2of . We take a function f(x)€ A(a,B). Thus
I el B800) < o,
k=0

sre the coefficients a, are given by (1.5).

now consider the expansion

520 J 7
n
-1 (v,8)
bJ = (hj(Y,‘S)) J f(x) PJ.Y’ (x) (1=x)Y (14x)° ax
~1
- (0 (a,B) (v,8) Y §
=(hj(y,c8)) [ {) 8, P (x)} P (x) (1mx)Y (14x)° ax
k=0
-
v 1 (1 (a,8) (y,6) 5
= 1 sy (o)™ [ e{® 80 20 ) (107 (140 a0
k=0

= Z a c. (0‘96;Y96> .

: term-by-term integration is justified by the uniform convergence.

ce y > 8 and y > - % we know that

s 1t remains to show that the sequence
T (
Fo= 1 [v| BiY

$) (1)

bounded.
ng the fact that cjk(a,B;y,6) > 0 for all j and k we obtain

F =
m

Il ~1H

(v,6) v )
Pj (1) |kZJ ak cjk (G’B’YQ(S)l

J=0




-

< T ED0) T ol egylaines)

—vj=0 J =3 k jk 3Ys
= m

= EO |'akl JZO Cjk(OL,B;'Y’(S) ng’6)<1)

T (a 85
< P2T(1) < =,

known, (see Askey [1]), that the positivity condition for

B3y,8) is satisfied in the following cases: (see fig. 1)

(1) B =3¢ and a > v,y > 6,
(ii) a =8, y=6 and o >y,
(iii) o =y, B=8 - n, n positive integer, y > 6.
§
((x’8+1)
1 (ay B)
2
0 Y
/
~1
fig. 1.

11 prove now, that relation (A) holds in the following cases:
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m 2. If vy = o and § = B + u, where u > 0 and y > §, then relation
>lds.

, Following the proof of theorem 1, it remains to show that the

1ce
7 oplr
F =
g jZoJ |za (483750
inded.
T have

9

k
ka,B)(x) = ) Cjk(a,B;a,8+u) Pga’6+“)(X)

J=0
Jlows from the identity

Pﬁa,ﬁ)(x) = (-1)" PiB’a)(—x), (see Szegd [5], section L4.1),

J
™
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jk(agﬁsdgﬁ*;u) P§B+U,0L)(x).

{(j+a+8+u+1)(2j+a+3+u+1) P(B+p,a)(

(k+a+1) T LlcrivarBet )P (kmjoy )
L k=3+1 )T (3+o+1) i S

)
)T (k+a+B+1) 520 T (k+j+a+p+u+2)T

Ia | Z | k+a+1 (k+j+a+8+1)F(k-j-u)P(j+a+6+u+1)(2j+u+6+u+1)IP(a,B+u)(1)
)T (k+o+B+1)T (k+j+o+B+u+2) T (k=j+1)T (j+a+1) j

I'(k+a)

¢ TRy - 0(x¥) it is possible to estimate the order of magnitude
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@ k

k=0 Jj=0

® cpmymt R[] k -
e Z |ak| K B=u=1 ( Z k u=1 ja+6+u+1+ ka+8+u+1(k_j) u 1)

=0 j=0 j=[k/2]+1

e z la | k% < w,
k=0 k

m 3. If y =o - pand § =B = u, where u > 0 and y > max (§,- %)’
-1, then relation (A) holds.

It suffices to show that

& (a=p,B-u) a
) |cjk(a,6;a-u,6-u)| Pim T (1) = 0k,
=0

tuting the values of c.. (a,Bja=u,B~u) we obtain

Jk

a=u,B-1u) ‘ 1. (7
(1)(hj(a-u,6-u)) IJ P
-1

ia’s)(x)Pgu_u’B_u>(x)(1-x)a—u(1+x)6—udx]

I (jroa+B=2u+1) (2j+a+B=2u+1)
T(o=p+1)T(j+B=p+1)

cose)Pga-u’B-U)(cos 8)(sin

)
.

0 20=2u+1 -2u+
Oyeamautlos 9)28 2u 1d

a,B)( 2 2

0

(
k

1 take the liberty of omitting lower order terms in k when they
.essential.

11l only consider the integration in the interval [b,ﬁﬂ. The interval

can be handled by the same argument.

'fices to show that

a=u+1
j H

-D1+ -
_8_)20L 2u 1(COS Q)EB 21,!"'1

(a,B)
2 2 P ¢ (

sin e cos 8)as| = o(x%).

cos e)qu_u’B_U)(
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all need some estimates for Jacobi polynomials and Bessel function

|PI(1a’B)(cos 8)] <an® , 0<@ i'g' , ]
]Pia’e)(cos 0)| E_An-1/2 gmom1/2 , 0<s i.% ’ (szegd [5], (7.
o, ()] <&, 0o<x<1, (szegd [5], (1.71.10)),

3, (x)] j_Ax-1/2 , x> 1, (szegd [5], (1.71.11)),

Ja(X) = (%{)1/2 cos(x = o -721 - —Z—) + O(x-3/2), (5zegd [5], (1.71.

all also need the Sonine integral

<a2_b2)u-v-1

fw Ju(at)Jv(bt)

b\)tu"\)"1 dv = 2U-V-1aur( _\)) ? (a g b>’ (watSOn [:6_]’
0 H section 13.46)
ilb's formula
. 8ya 8,8,(a,B) = ¢ I(nta+1) 6__\1/2
(sin 2) (cos 2) P (cos 8) = N o (Sin e) Ja(NG)
61/2O(n_3/2) if en| <6 < me,
+ -
6%"20(n%) if 0<0 <en |,
+B+ . .o .
N=n +.E_%_l 3 ¢ and € are fixed positive numbers, (Szegd Bﬂ,

7))

llow the same method as used in the paper of Askey and Wainger Pi]

herefore we want to replace

21/2 (sin 6)0‘-1“'1/2 (cos 0)6—U+1/2 P(.Ot'u,B-lJ)(

> > ; cos 9)
1/2 . o+R=2u+1
31/ Toen(38) 5 T =+ wianl

Hilb's formula (2.8).




Ne must then consider
T

2
-1+ . 6 .o0=u+ -
ja u 11{ (sin )u u 1/.2<COS G)B u+

2 2

H
|
||.MW

J=0 0

{21/2(Sin e)a—u+1/2(cos QJB—u+1/2P€u-u,B

2 2 j

_ 37O (jrampt1) 6
r(j+1)

1/2

.

- (Jo)} ase

+ .
I1 IZ’ where in I

1}

Setting I the range

1

and in I, the range of integration is [O,‘

2
estimates mentioned above we get
i

k 2 , ,
o SOt J (12 gmem1/2

I, =
J=0
™ 1/k
o= e 1=u
= o(x* ™ CRLE )
1/k
=0k M+ kP 48 logk))
U2
= o(x).
k 1/k
—+ - -
12 = o Z o=t J k% o ¥ 3/2 o
J=0 0
pomptt /2 (1B gmpa3/2
= 0(k ) as)
0
= 0(x*72).

The process of replacing the other Jacobi

Bessel function is similar.

tegration is

. using some

v a=u+l/2

0 ase

ae)

omial by the

i)

Jriate




we are led to investigate
T

X o=u+1 2 0.\~ 6,\-
L= ) 3" (sin2)M(cos )™ 0 5 _ (J8) J (Ke) as|
.= 2 2 o=y o
J=0 0
e K=k + otBl
2
ant to replace (sin %)_“ (cos %O-U by 6 M. It is easily seen
%)’u (cos %)_u = (%)_Ul G(8), where G(0) = 1, G(6) is bounde
9) = 0(82). Thus we must consider
m
k a=u+1 2 1=
E= ) j*H IJ o " (1-G(e)) Ja_u(Je) J (ke) ae| .
J=0 0

plit up E in E = E1 + E2, where in E1 the range of integrati
. o
] and 1n E2 l_;,-g—]

ying some of the estimates mentioned above we get
k 1/k
-t -
g = ) oM 1|J 8! H(1-c(e)) T4y (30) I (Ke) ao|

k (1/k

. - + . - - + -
z Ju ut+1 Ju W0 J eza u+3 ude)
- O

g the asymptotic formula for Bessel functions and the error

btain for p < 1

X o=u+1 m/2 1=
B, = ] 3N o "(1-G(8)) J__ (J6) J (Ke) as|
20 o=u o
J 1/k
_ k _ m/2  _ .
=0 1/k

k
+ o(x 372 .Z ja"”'1/2 J o " ae)
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k
e . - + - -
= ok~ /2 Y *7H /2 E%E) + o(x* VT 4 7B
§=0 %
e 1/ [k/2] jwrl/2 ok jomuHl)
= 0(k ) + O(k ———k—_':]'——' + k Z i} e
. j=0 j:[}.é{'.l+1 J
= o(x*™) + o(x®™) + o(x*™* 1log k)
= o(x%).
.se u > 1 is easily handled.
K et (72 3my =172 =172 -1
= o(‘Z J | G ] k e  ae])
J=1 1/k
(2T (e 73)) w# 3
= 2
-2
o(k log k) p=3
v
= o(x™)

.y we want to replace the range of integration_[p,gﬂ by [p,w)

‘ore we must investigate

% et Tty (J8) J (Ke) d6| = A, + A
=0 J o= o 1 2

/2

.ng (2.6).A1 contains the main terms and A2 all the error ter

k o .
J=0 m/2
-1/2 k .o=u+1/2 =1
= 0(k ) (k+3) )
j=0

= 0(x*™™ 1log k).




k ©
Ag = o(k 1/2 Z ja u=1/2

j=0
to an error term that we have estimated, we may i
% Lo=u+1 ® T=u
L || o™ g _ (g6) J (xe) ae].
: o= o
J=0 0

1, using Sonine's integral (2.7), this leads to

% samut 1 H JOTH (g2 g2y
j=0 K* T(n)
le ¥ 20=2u+1 u=1 u~=1
= 0(k ) (k+J) (k=3)" )
J=0
[k /2] K
RIS £.Y.-] RPN T
= o(k T T YT TR (k=)W 4 Y
5=0 otk
! =[z]+1
= o(x%).

>ining all the estimates we have shown that
S (a=u,B8-u) a
L le., (e,850mu,8-u)| P (1) = o(x")

*h proves theorem 3.
tesults

yination of the theorems 1, 2 and 3 leads to the

» fig. 2).
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fig. 2

1 (y,8) in the shaded region it has been proved that relation (A)
, We shall show now by means of examples that the complete region
relation (A) is valid has been obtained (y > = %).

)U

irst function we study is (1+x)", u > 0.

surier coefficients become

1
-1 +
= b (a,8)) J p{@B) () (1-x)% (1+2)P™¥ ax.
1 n n
-1
Rodrigues' formula (1.1) and integration by parts, it follows tha

n 1
) = J (14x)" (%‘)n ((1=0)% (142)™*P) ax
oMt (a,B) X
n -1
= [u+) I1 (1=3)™% (1420) BT ax
2"nth (a,8)T(umn+1) |
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1) a =

T (n+a+8+1)T(n-p)
I (n+a+p+u+2) T (n+p+1)

u
= (-1)n+1 2; T(p+1)sin um T(B+u+1) (2n+a+B+1)

s |a| = O(n-B_EU-1).
n

follows that (1+x)'c A(a,8) if a8 < 2.

1 (3.1) it is easily derived that the function (1+x)" with

<< léé and U not an integer is an example of a function, which
ngs to A(a,B) but not to A(y,s).

5 we have found a function for which relation (A) fails in region II
g, 2.

'he same way we can calculate the Fourier coefficients of the function

¥ and we obtain

,a l = O(n"a‘Zu-T)

n

'ollows that (1-X)UG'A(a,B) if u > 0.

if § > vy the maximum in absolute value of the Jacobi polynomials is
= -1 and Péy’d>(—1) = 0(n®). 1 § > Y the function (1-x)" with

U < ﬁ%l and u not an integer is an example of a function, which is
mber of A(a,B) but not of A(y,§). Relation (A) is not valid in

on I of fig. 2.

rder to decide whether relation (A) holds in region III we study the

sion IXIU. We investigate the Fourier coefficients.

1
(hn(a,8>>-1 j lxlu Péa’s)(x) (1-x)a(1+x)S dx
=1

1
(807 280 () (1)) B 4
0

O~
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[f Reu >n-1 we can use Rodrigues' formula and integration by parts. We

>btain

' _ (2n+a+B+1)T (u+1)I (n+o+B+1)

(3.2) a, = 2n+u+8+1r( F. (u=n+1,-B-nja+u+2;=1) +

271

n+B+1)T (a+p+2)

n (2n+a+6+1)F(u+1)P(n+u+B+1) F

(p=n+1,=0=nj;B+u+2;=1).
+
2n+a+6 1r(n+cx+1)1“(5+u+2) 2 1

(=1)
The hypergeometric function ,F, (a,bjc3;=1) is an absolutely convergent
series if Re(a+b=c) < O which means here —a~B-2n-1 < 0. This is always
satisfied. In this case 2F1(a,b;c;-1) is an analytic function of the
parameters a, b and c. As for Rep > n-1 a is given by (3.2), it follow
by analytic continuation that (3.2) holds for all u with Reu > -1.
Using the simple relation

= (1=g)7P caici—2=) = (1-2)7P —a.bic -2
2F1(a,b,c,z) = (1 z) 2F1(b,c a’caz,_1) (1-2) 2F1(c a,b,c,z_1)

(see Luke [3], section 3.8 (L)), a can be written in the following way:

_ (2n+a+B+1)T (u+1)I(n+ot+p+1)

= — F (a+n+1,-8—n;a+u+2;l)
277 T (n+p+1)T (at+u+2)

271 2

n

on+a+8+1 )T (p+1)T(n+a+p+1)

1
).
26+1P(n+u+1)F(B+u+2)

2

s (=124

2F1 (B+n+1,—a—n;3+p+2

The asymptotic expansion of the hypergeometric function in this case fo1
large n has been given by Watson Eﬂ.

The leading term is

+-
220" ()T () (1+e

(nﬂ)1/2F(c—b+n)(1'e-c)

—czifa-b—T/Z
c=1/2

2F1(a+n,b-n;c;1;Z)Aa

(n-b)g -(n+a)c}

X

{e + exp]:j-_ in(ec = -15)] e

where ¢ is defined by z = cosh ¢ and Re ¢ > 0, =m < Im ¢ < m. The upper

(lower) sign is taken if Im z > (<) 0. In the case in which z=1 is real
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negative it is supposed that z attains its value by a limiting
zess which then determines if arg(z=-1) is 7 or =r. The discontinuity
che formula is only apparent; if z crosses the real axis between +1,
>unt has to be taken of the discontinuity in the value of Im C.

refore

3) la_| = of na+1r(n+8+1) + n3+1r(n+u+1) )= O(n-p-1/2)
n n1/2F(n+a+8+u+2) n1/2F(n+u+6+u+2)

s in the case that p > o + %—the function |x}u belongs to A(a,B).

;he ultraspherical case (a

B) the Fourier coefficients can easily
talculated. We have to consider

-1 (] p (a,0) 2\a

a = (hn(a,a)) J | x| P *x) (1=-x°)" ax.
=1

wse |x|" is an even function the Fourier coefficients vanish for

n. Application of a well-known formula for ultraspherical poly-

als (see Szegd [5], (k.1.5)) yields

1 =1
_on'T(on+o+1) (a,=1/2) _\a
) n " h (a,0)(2n)!T(n+o+1) J Pn (y)(1=y) " (1+y) dy
2n 0
(-1)n(un+2oc+1)r(2n+2a+1>r(u+1>sin§-n r(n- %)
PR P )T (n+o+ % + —23—)w1/2

(3.3) and (3.4) it follows that if v > o the function |x|" with
<

% <y o+ % and u not an even integer is an example of a function
h belongs to A(a,B) but not to A(y,y). Combined with theorem 2 this
s to the conclusion that relation (A) cannot be true in region III
ig. 2.

the shaded region in fig. 2 is the complete region (y > =1/2)

e relation (A) holds.

sing Pia’s)(x) = (-1)" P(B’a)(-x) similar results can be obtained

o < B.
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